Abstract. Terwilliger [15] has given the diameter bound d < (s -1)(k -1) + 1 for distance-regular graphs with girth 2s and valency k. We show that the only distance-regular graphs with even girth which reach this bound are the hypercubes and the doubled Odd graphs. Also we improve this bound for bipartite distance-regular graphs. Weichsel [17] conjectures that the only distance-regular subgraphs of a hypercube are the even polygons, the hypercubes and the doubled Odd graphs and proves this in the case of girth 4. We show that the only distance-regular subgraphs of a hypercube with girth 6 are the doubled Odd graphs. If the girth is equal to 8, then its valency is at most 12.
In this paper we assume that a graph is undirected, without loops or multiple edges and with a finite vertex set. Let F be a connected graph. For x, y two vertices of F, we denote with d(x, y) the distance between x and y in F. If x is a vertex of F, we write Fi(x) for the set of vertices y with d(x, y) = i. Instead of F1(X) we write F(x). The valency kx of a vertex x is the cardinality of F(x). A graph is regular (with valency k) if each vertex has the same valency k. For x,y two vertices of F at distance j we write Cj(x,y) := |Fj-1(x) n F(y)|,aj(x,y) := |Fj(x) n F(y)| and bj(x,y) := |Fj+1(x) n F(y)|. We say that the number aj (resp. bj, cj) exists if aj(x,y) (resp. bj(x,y),Cj(x,y)) does not depend on x,y. We put L = a1, u = c2, when they exist.
The diameter of a connected graph F is the maximal distance between two vertices occurring in F. The girth of F, denoted by g, is the length of a shortest circuit (induced subgraph of valency 2) occurring in F.
A connected graph is called uniformly geodetic when for all j the numbers cj exist. When for all j the numbers aj,bj and cj exist, it is called distanceregular. The intersection array of a distance-regular graph F is the array {b0,b1, • • •,bd-1; c1,c2, • • • Cd} where d is the diameter of F. For a description of the graphs not defined here, see [4] .
A graph F is bipartite if its vertex set can be partitioned into two classes M and N such that there are no edges between vertices of the same class.
Introduction
In this paper we study distance-regular subgraphs of distance-regular graphs. In the second section we give some sufficient conditions to assure that the graph induced by the geodesies between two vertices is distance-regular.
Terwilliger [15] has given the diameter bound d < (s -1)(k -1) + 1 for distance-regular graphs with girth 2s and valency k > 3. In the third section we show that the only distance-regular graphs with even girth which reach this bound are the hypercubes and the doubled Odd graphs (Theorem 6) and give a somewhat improved diameter bound for bipartite distance-regular graphs.
In the fourth section we study distance-regular subgraphs in a hypercube. In this section the subgraphs are not necessarily induced subgraphs. Weichsel [17] has studied them and conjectured that the only distance-regular subgraphs of a hypercube are the even polygons, the hypercubes and the doubled Odd graphs and proved this in the case of girth 4. We show that if the girth is 6, then it must be a doubled Odd graph (Theorem 13). If the girth is equal to 8 then the valency is at most 12 (Theorem 16).
Substructures
Let F be a graph. For two vertices x, y of F, put C(x, y) : 
Proof. Let u,u! be two vertices at distance e. Put S := F(u) n F e-1 (u') and 
(v,t) = i-1}, B := {t' E S' | d(v,t') = e-i-1} and A' := {t' E S' | d(a, t') = e for an a E A}. Now we get A' N B = t and thus

So we have shown that s E A implies s' e B and therefore v e C(s, s') and thus we get d(s,v) = i -1 or d(s,v)
We conclude that C(u,u') C C(s,s'), but these two sets have the same cardinality and thus they are equal.
Let vw be an edge in D(s,s'). Chima has shown that in a distance-regular graph with parameters c 2 = 2, c 3 = 4, a 1 = 0 and a 2 < 3 any two vertices at distance 3 determine a unique distance-regular graph, which is isomorphic to the incidence graph of the biplane 2-(7,4,2). Ivanov and Brouwer have given conditions to assure that graphs contain geodetically closed Moore geometries. Koolen has shown that in a distance-regular graph with parameters C 2 = 1,c 3 = 2, c 4 = 3 and a 1 = a 2 = a 3 = 0 any two vertices at distance 4 determine a unique Pappus graph.
On the Terwilliger bound
In this section we give the proofs of the results on the Terwilliger bound we have mentioned in the Introduction. 
On distance-regular subgraphs of a cube
In this section subgraphs are not necessarily induced subgraphs. We show that the only distance-regular subgraphs of a hypercube with girth 6 are the doubled Odd graphs. Also we show that distance-regular subgraphs of a cube with girth 8 have valency at most 12. First we give some notation. From now on we say cube instead of hypercube. Let F be a subgraph of a cube. Let x be a vertex of Suppose that precisely c i -s neighbours of y on level i -1 (considered as  (i -1)-sets) contains the vertex z (considered as a j-set). Then 0 < s < e and we find that the number of vertices z is at most the left hand side of (1) . D
The proof of Weichsel [17] , Theorem 5 shows LEMMA 9. Let F be a distance-regular subgraph of a cube with valency k and girth 2t > 6. . But then at least five of (w 1 ,w 2 ,w 3 ,z 1 ,z 2 ,z 3 } are represented by a word of weight 2 with an 1 on the first position and this is impossible. D Proof. Ray-Chaudhuri and Sprague [14] There are no bipartite distance-regular graphs with the parameters of cases (ii), (iii) and (iv). if k = 3, then we have the following possibilities. On the other hand we have that this number is equal to c 13 c 12 c 11 . Suppose that c 11 > 6. Then c 12 > 6 and c 13 > 7. We have ( 
(i) If v is a vertex of F on level r and of weight r, then
F 2 (v 1 ) C F 2 (v 2 ) = F 2 (v 1 ) H F 2 (v 2 ) n F 2 (v 3 ) = {w 1 ,
